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VISION OF THE INSTITUTION

To mould true citizens who are millennium leaders and catalysts of change through excellence in
education.

MISSION OF THE INSTITUTION

NCERC is committed to transform itself into a center of excellence in Learning and Research in
Engineering and Frontier Technology and to impart quality education to mould technically competent
citizens with moral integrity, social commitment and ethical values.

We intend to facilitate our students to assimilate the latest technological know-how and to imbibe
discipline, culture and spiritually, and to mould them in to technological giants, dedicated research
scientists and intellectual leaders of the country who can spread the beams of light and happiness
among the poor and the underprivileged.

ABOUT DEPARTMENT
4 Established in: 2002

¢ Course offered : B.Tech in Computer Science and Engineering
M.Tech in Computer Science and Engineering




M.Tech in Cyber Security

¢ Approved by AICTE New Delhi and Accredited by NAAC

€ Affiliated to the University of ~ A P J Abdul Kalam Technological University.

DEPARTMENT VISION
Producing Highly Competent, Innovative and Ethical Computer Science and Engineering Professionals to

facilitate continuous technological advancement.

DEPARTMENT MISSION
To Impart Quality Education by creative Teaching Learning Process

To Promote cutting-edge Research and Development Process to solve real world problems with
emerging technologies.

To Inculcate Entrepreneurship Skills among Students.

To cultivate Moral and Ethical Values in their Profession.

PROGRAMME EDUCATIONAL OBJECTIVES

PEO1: Graduates will be able to Work and Contribute in the domains of Computer Science and Engineering through
lifelong learning.

PEO2: Graduates will be able to Analyse, design and development of novel Software Packages, Web
Services, System Tools and Components as per needs and specifications.

PEO3: Graduates will be able to demonstrate their ability to adapt to a rapidly changing environment by learning
and applying new technologies.

PEO4: Graduates will be able to adopt ethical attitudes, exhibit effective communication skills, Team work and
leadership qualities.

PROGRAM OUTCOMES (POS)
Engineering Graduates will be able to:

1. Engineering knowledge: Apply the knowledge of mathematics, science, engineering
fundamentals, and an engineering specialization to the solution of complex engineering
problems.

Problem analysis: Identify, formulate, review research literature, and analyze complex
engineering problems reaching substantiated conclusions using first principles of
mathematics, natural sciences, and engineering sciences.

Design/development of solutions: Design solutions for complex engineering problems and
design system components or processes that meet the specified needs with appropriate



Free Hand


consideration for the public health and safety, and the cultural, societal, and environmental
considerations.

Conduct investigations of complex problems: Use research-based knowledge and
research methods including design of experiments, analysis and interpretation of data, and
synthesis of the information to provide valid conclusions.

Modern tool usage: Create, select, and apply appropriate techniques, resources, and
modern engineering and IT tools including prediction and modeling to complex engineering
activities with an understanding of the limitations.

. The engineer and society: Apply reasoning informed by the contextual knowledge to
assess societal, health, safety, legal and cultural issues and the consequent responsibilities
relevant to the professional engineering practice.

Environment and sustainability: Understand the impact of the professional engineering
solutions in societal and environmental contexts, and demonstrate the knowledge of, and
need for sustainable development.

Ethics: Apply ethical principles and commit to professional ethics and responsibilities and
norms of the engineering practice.

Individual and teamwork: Function effectively as an individual, and as a member or
leader in diverse teams, and in multidisciplinary settings.

. Communication: Communicate effectively on complex engineering activities with the
engineering community and with society at large, such as, being able to comprehend and
write effective reports and design documentation, make effective presentations, and give
and receive clear instructions.

. Project management and finance: Demonstrate knowledge and understanding of the
engineering and management principles and apply these to one’s own work, as a member
and leader in a team, to manage projects and in multidisciplinary environments.

. Life-long learning: Recognize the need for, and have the preparation and ability to engage

in independent and life-long learning in the broadest context of technological change.

PROGRAM SPECIFIC OUTCOMES (PSO)

PSO1: Ability to Formulate and Simulate Innovative Ideas to provide software solutions for Real-time
Problems and to investigate for its future scope.

PSO2: Ability to learn and apply various methodologies for facilitating development of high quality

System Software Tools and Efficient Web Design Models with a focus on performance optimization.

PSO3: Ability to inculcate the Knowledge for developing Codes and integrating hardware/software

products in the domains of Big Data Analytics, Web Applications and Mobile Apps to create innovative career
path and for the socially relevant issues.

Page 4




COURSE OUTCOMES

CO1

Apply the fundamental law of mechanics and equilibrium equations for planar problems.

CO2

Classify various supports and loadings and apply the equations of equilibrium for forces system in
space

CO3

Analyze and calculate the area moment of inertia of composite sections, and extend the same for
mass moment of inertia of simple solids.

CO4

Combine the laws of static friction and analyze force system inclusive of frictional forces.

CO5

Compute the dynamics of rigid bodies in Cartesian and cylindrical coordinates and its applications
in translation and rotation.

CO6

Analyze vibrations of single degree of freedom systems.

MAPPING OF COURSE OUTCOMES WITH PROGRAM OUTCOMES

Note: H-Highly correlated=3, M-Medium correlated=2, L-Less correlated=1




SYLLABUS

Module

Contents

Statics: Fundamental concepts and laws of mechanics — Rigid body -
Principle of transmissibility of forces

Coplanar force systems - Moment of a force — Principle of moments

Resultant of force and couple system

Equilibrium of rigid body — Free body diagram — Conditions of
equilibrium in two dimensions — Two force and three force members.

Types of supports — Problems mnvolving point loads and uniformly
distributed loads only.

Force systems in space — Degrees of freedom — Free body diagram —
Lquations of equilibrium — Simple resultant and Equilibrium problems.

FIRST INTERNAL EXAM

Properties of planar surfaces — Centroid and second moment of arca
(Denvations not required) - Parallel and perpendicular axis theorem —
Centroid and Moment of Inertia of composite area.

Polar Moment of Inertia ~ Radius of gyration ~ Mass moment of inertia

of cylinder and thin disc (No derivations required).

Product of inertia — Principal Moment of Inertia {(conceptual level).

Theorems of Pappus and Guldinus.

Friction — Characteristics of dry [riction — Problems involving friction of
ladder, wedges and connected bodies.

Defimtion of work and virtual work — Principle of virtual work for a
system of connection bodies ~ Problems on determinate beams only.

SECOND INTERNAL EXAM

Dynamics: Rectangular and Cylindrical co-ordinate system

Combined motion of rotation and translation — Concept of instantancous
centre — Motion of connecting rod of piston and crank of a reciprocating

pump.

Rectilinear translation — Newton's second law — D'Alembert’s Principle
— Application to connected bodies (Problems on motion of lift only).

Mechanical vibrations — Free and forced vibration - Degree of freedom.

Simple harmonic motion — Spring-mass model - Peniod — Stiffness -
Frequency ~ Simple numerical problems of single degree of freedom,

END SEMESTER EXAM




QUESTION BANK

MODULE I

QUESTIONS

State and explain Varignon’s principle of moments.
Draw the free body diagram of each sphere in the given figure.

The greatest and least resultants of two forces Fl and F2 are 17N and 3N
respectively. Determine the angle between them when their resultant is 149
N.

Two concurrent forces P & Q are acting on a plane .The maximum and
minimum value of resultant is 17 N and 3 N respectively. Find the two
forces

A simply supported beam AB of span 4m is carrying point loads 10N, 6N
& 4N at 1m, 2m & 3m respectively from support A. Calculate reactions
at supports A and B.

Two identical rollers, each of weight 500N are supported by an inclined
plane and vertical wall as shown in figure. Assuming smooth surfaces,
find the reactions at the point of contacts A, B and C.

3 l'l':l

A ladder of weight 30 kg is supported at wall and floor as shown in fig 1
below. A man of weight 72 kg stands on it vertically, 8 m above the floor
level. There is a 100 kg force acting at top-most point of the ladder
vertically. The mass distribution of the ladder is uniform. Considering all
contact surfaces smooth, draw the free body diagram.




Concurrent forces of 1,3,5,7,9,11 N are applied to the center of a regular
hexagon acting towards its vertices as shown in fig . Determine the
magnitude and direction of the resultant.
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Find the magnitude and direction of resultant of the forces as shown if
figure.
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Two cylinders P and Q rest in a channel as shown in Fig. The cylinder P
has diameter of 100 mm and weighs 200 N, whereas the cylinder Q has
diameter of 180 mm and weighs 500 N. If the bottom width of the box is
180 mm, with one side vertical and the other inclined at 60°, determine
the pressures at all the four points of contact
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MODULE II

Determine the reactions at supports A and B of the beam as shown in the

figure.
SkN 9-:.?" 5
A l /4”
D 2m

KM
£ M
B
A 2m E 2m C Zm ',&

Find the support reactions of a cantilever beam of span 6 m carrying a
UDL of 6kN/m.

A force 2i+4j-3k is applied at the point A(1,1,-2). Find the moment of the
force about the point (2,-1,2)

A force P is directed from a point A(4,1,4) meters towards a point B (-
3,4,1) metres. Determine the moment of force P about x and y axis if it
produces a moment of 1000 Nm about z axis

A beam AB 5 m long, supported on two in termediate supports 3 m apart,
carries a uniformly distributed load of 0.6 kN/m. The beam also carries
two concentrated loads of 3 kN at left hand end A, and 5 kN at the right

hand end B as shown
/—l).(\k\"m
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A beam AB 8.5 m long is hinged at A and supported on rollers over a
smooth surface inclined at 30° to the horizontal at B. The beam is loaded
as shown. Determine graphically, or otherwise, the reactions at A and B.
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A beam has hinged support at A and roller support at B as shown in Fig.
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A simply supported beam AB of 6 m span is subjected to loading as
shown in Fig.

| M-l m-sle-l Mmfe——3Im——>

Fig. shows as beam ABCD simply supported on a hinged support
at A and at D on a roller support inclined at 45° with the vertical.
Determine the horizontal and vertical components of reaction at support
A. Show clearly the direction as well as the magnitude of the resultant
reaction at A.

9 kN-m 6 kN

A beam AB of span 3m, overhanging on both sides is loaded as shown in
Fig
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MODULE 111

Figure shows the cross-section of a cast iron beam.
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Find the centre of gravity of a 100 mm x 150 mm x 30 mm T-section.

An I-section has the following dimensions in mm units :Bottom flange = 300
% 100, Top flange = 150 x 50, Web =300 x 50. Determine mathematically
the position of centre of gravity of the section.

A rectangular hole is made in a triangular section as shown in Fig.
Determine the moment of inertia of the section about X-X axis passing
through its centre of

gravity and the base BC.
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State and prove parallel axis theorem. Determine moment of inertia of a built
up section about X-X axis passing through centre of

gravity of the section.
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Define radius of gyration and product of inertia

Differentiate between polar moment of inertia and product of inertia

State the theorems of Pappus Guldinus.

Derive the mass moment of inertia for a circular plate. (RK Bansal Pg
223)

Derive the mass moment of inertia for a hollow circular cylinder (RK
Bansal Pg 224)




MODULE IV

A block of weight 80 N is placed on a horizontal plane where the u=0.25.
Find the force that should be applied to the block at an angle of 300 to the
horizontal to attain condition of limiting equilibrium.

Distinguish between static and dynamic friction.

Define angle of friction, coefficient of friction,cone of friction and angle
of repose.

A uniform ladder 4 m long weighs 200 N. It is placed against a wall
making an angle of 60° with the floor. The coefficient of friction between
the wall and the ladder is 0.25 and that between the ground and the ladder
is 0.35. The ladder in addition to its own weight, has to support a man of
1000 N at the top at B. Calculate: (i) The horizontal force P to be applied
to the ladder at the ground level to prevent slipping.(ii) If the force P is
not applied, what should be the minimum inclination of the ladder with
the horizontal, so that it does not slip with the man at the top?

Two blocks A and B of weights 500N and 1000N are placed on an
inclined plane. The blocks are connected by a string parallel to the
inclined plane. The coefficient of friction between the inclined plane and
block A is 0.15 and that for the block B is 0.4. Find the inclination of
plane when the motion is about to take place. Also calculate the tension

in the string. The block A is below the block B as shown in the figure.

Find the force required to move a load of 30N up a rough inclined plane,
applied parallel to the plane. The inclination of the plane is such that
when the same body is kept on a perfectly smooth plane inclined at an
angle, a force of 6N applied at an inclination of 300 to the plane keeps the
same in equilibrium. Assume coefficient of friction between the rough
plane and the load is equal to 0.3.

Find the force required to move a load of 300 N up a rough plane, the
force being applied parallel to the plane. The inclination of the plane is
such that when the same load is kept on a perfectly smooth plane inclined
at the same angle, a force of 60 N applied at an inclination of 30° to the
plane, keeps the same load in equilibrium. Assume coefficient of friction




between the rough plane and the load to be equal to 0.3.

An effort of 200 N is required just to move a certain body up an inclined
plane of angle 15° the force acting parallel to the plane. If the angle of
inclination of the plane is made 20° the effort required, again applied
parallel to the plane, is found to be 230 N. Find the weight of the body
and the coefficient of friction.

Two blocks A and B of weights 1 kN and 2 kN respectively are in
equilibrium position as shown in Fig.

A load of 500 N is lying on an inclined plane, whose inclination with the
horizontal is 30°. If the coefficient of friction between the load and the
plane is 0.4, find the minimum and maximum horizontal force, which

will keep the load in equilibrium.

MODULE V

State and explain D’ Alembert’s Principle.

A ball is thrown upward from the top of a tower, 29.4m high at a velocity
of 19.6m/s. determine the time taken by the ball to reach the ground and
the velocity with which it strikes the ground.

A bus is accelerated at the rate of 0.75m/s2 as it travels from A to B
knowing that the speed of the bus was 27kmph as it passed A, determine
a) time required for the bus to reach B b) the corresponding speed as it
passes B. The distance between A & B is 150m.

A man weighing 500 N gets into a lift. Calculate the force exerted by him
on the floor of the lift when it is:

i) Moving up with an acceleration of 2.5 m/s2 and

i) Moving down with same acceleration.

Two bodies of weight 50 N and 30 N are connected to the two ends of a
light inextensible string. The string is passing over a smooth pulley.
Determine the acceleration of the system and Tension in the string. Take
g=9.80 m/s2.

Two bodies of weights 20 N and 10 N are connected to the two ends of
light inextensible string, passing over a smooth pulley. The weight of 20
N is placed on a smooth horizontal surface while the weight of 10 N




hanging free in air. Find the acceleration of the system and the tension in
the string.

Two bodies of weights 40 N and 15 N are connected to the two ends of a
light inextensible string, which passes over a smooth pulley. The weight
40 N is placed on a smooth inclined plane, while the weight 15 N is
hanging free in air. If the angle of the plane is 150, determine acceleration
of the system and tension in the string. Take g=9.80 m/s2.

A lift has an upward acceleration of 3.45 m/s2. (i) What force will a man
weighing 51 kg exert on the floor of the lift. (ii) What force would he
exert if the lift had a downward acceleration of 3.45 m/s2 (iii) What
upward acceleration would cause his weight to exert a force of 600 N on
the floor.

Explain the concepts of instantaneous centre with figure.

Explain the following terms with respect to a Simple Harmonic Motion.
1)Amplitude 2)Time Period 3)Frequency

The crank of a reciprocating engine is rotating at 210 rpm. The lengths of
the crank and connecting rod are 20 cm and 100 cm respectively. Find the
velocity of the piston, when crank has turned through an angle of 450
with the horizontal.

A steam engine has a crank radius of length 15 cm and connecting rod of
length 75 cm. The cranck rotates in a clockwise direction with a constant

speed of 300rpm.calculate the velocity and acceleration of the piston P at
an instant when the angle ® =300 .

MODULE VI

A particle, moving with simple harmonic motion, performs 10 complete
oscillation per minute and its speed, is 60% of the maximum speed when
it is at a distance of 8 cm from the centre of oscillation, . Find amplitude,
maximum acceleration of the particle. Also find speed of the particle,
when it is 6 cm far from the centre of oscillation.

Classify different degree of freedom with proper sketches.

Find amplitude and time period of a particle moving with simple
harmonic

motion, which has a velocity of 9 m/s and 4 m/s at the distance of 2 m
and 3 m respectively from the centre.

Find the velocity and acceleration after 0.3 seconds from the extreme
position of a body, moving with simple harmonic motion with amplitude
of 0.8 m and period of complete oscillation of 1.6 seconds.

A body moving with simple harmonoic motion, has an amplitude of 1 m
and period of complete oscillation is 2 seconds. Find the velocity and
acceleration of the body 2/5 of a second after passing the mid-position.

A body moving with simple harmonic, has an amplitude of 1 m and a




peroid of oscillation of 2 seconds. What will be its velocity and
acceleration 0.4 seconds and after passing an extreme position .

A body, moving with simple harmonic motion, has an amplitude of 1
meter and the period of complete oscillation is 2 seconds. What will be
the velocity and acceleration of the body after 0.4 second from the
extreme position?

The weight of an empty railway wagon is 240 kN. On loading it with
goods weighing 320 kN, its spring gets compressed by 80 mm.

(a) Calculate its natural period of vibrations when the railway wagon is
(i) empty and

(i1) loaded as above.

(b) It is set into natural vibrations with an amplitude of 100 mm when
empty. Calculate the velocity of the railway wagon when its displacement
is 40 mm from statical equilibrium position

A block of mass 50 kg supported by two springs connected in series
hangs from the ceiling. It can move between smooth vertical guides. The
spring constants are 4 KN /m and 6 kN /m as shown in Fig

The block is pulled 40 mm down from its position of equilibrium and
then released. Determine

(@) period of vibrations, maximum velocity and acceleration of the block.
(b) quantities in (a) above, when the block is supported by the springs
connected in parallel.

§ i:-: kN/m

5, =4kN/m

o .-t 6 KN/m

50 kg S0 kg

(@) Springs in series (H) Springs in parallel

Ele A2 »

. A weight P is attached to springs of stiffness C1 and C2 in two different
cases as shown in Fig.




APPENDIX 1

CONTENT BEYOND THE SYLLABUS

WEB SOURCE REFERENCES

Trusses-
https://drive.google.com/file/d/1E{P E VFEMUzSxBJT50SukcUum7hFDIrw/view
https://youtube/lheoBL2QaqU

Particle Dynamics-
https://drive.google.com/file/d/1KO0fUhNPVEGQriL6rlJ81fcrMzje5p Swi/view
https://youtube/LBMHPeJNB4E

Rotating frame of reference
https://drive.google.com/file/d/1 KJuZvOXtdOctlbRbibolWuLjIQENxvM/view
https://youtube/P7zg_Eruudw
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MODULE 3

Difference between CENTRE OF GRAVITY and CENTROID :

e The term centre of gravity applies to bodies with mass and weight, and centroid
applies to plane areas.

e Centre of gravity of a body is the point through which the resultant gravitational force
(weight) acts for any orientation of body whereas centroid is the point in the plane
area such that the moment of that area about any axis through that point is zero.

MOMENT OF INERTIA

Moment of inertia is a purely mathematical term which gives a quantitative estimate of the
relative distribution of the area with respect to some reference axis.

Consider a thin lamina of area A as shown in figure. Let dA be an elemental area in the plane
figure.

Let ‘X’ be the distance of the elemental area dA from Yaxis and ‘y’ be the distance of
elemental area dA from X axis.

The moment of inertia of the area about X-axis , Ixx = 101, [1

dA.y is known as the first moment of area about Y axis. The first moment of area is used to
determine the centroid of the area.

If the moment of area is again multiplied by the perpendicular distance between dA and
Yaxis, then the quantity

2.
dAy"_is known as moment of moment of area or second moment of area or area moment of
inertia about Yaxis.

Similarly,
- second moment of area or area moment of inertia of area A about Y axis , lyy= X101, (12

In general, If an elemental area ‘dA’ is considered and ‘r’ is the distance of the elemental area
from a reference axis AB,



Then the moment of inertia of the entire area about reference axis is given by
lag = SO0 02 =f Oo?

If instead of area , the mass (m) of the body is taken into account, then the second moment is
known as second moment of mass or mass moment of inertia.

~ if mis the mass of the body and x and y are the perpendicular distances of its centre
of gravity from Y and X axes,

Mass moment of inertia about Y axis = mx2

Mass moment of inertia about X axis = my?

“Hence the product of area(or mass) and the square of the distance of the centroid (or centre
of gravity) of the area(or mass) from an axis is known as Moment of Inertia of the area(or
mass) about that axis.”

Moment of Inertia is represented by I. Moment of inertia about X-axis is represented by Ixx
and about Y-axis is represented as lyy.

If G is the centroid of the body , the axis passing through the centroid of the body is known
as centroidal axis and the moment of inertia about the centroidal axis is given by Ic.

Since it is a term obtained by multiplying area by the square of the distance, its unit in Sl is
given as m*.

POLAR MOMENT OF INERTIA




Moment of inertia about an axis perpendicular to the plane of an area is known as polar
moment of inertia. It is denoted by J or Izz. Thus the moment of inertia about an axis
perpendicular to the plane of the area at O in figure is called polar moment of inertia at O and
is given by,

lyz =5 0. 2

RADIUS OF GYRATION

Consider an area which has a moment of inertia | with respect to reference axis AB.

A

&

A B A B

Let us assume that this area is compressed to a thin strip of negligible width parallel to axis
AB. For this strip to have the same moment of inertia | with respect to same reference axis
AB, the strip should be placed at a distance “k” from the axis AB such that | = Ak?

where.k = \/(I/A) is called the radius of gyration.

Radius of gyration of a body or a given area about an axis is a distance such that its square
multiplied by the area gives moment of inertia of the area about the given axis. It is a
mathematical term given by the relation

k= \/(I/A), where k= radius of gyration
I=Moment of Inertia
A= Cross sectional area.
Suffixes with the moment of inertia also accompany the term radius of gyration k.
e kux = V(Ixx/A)
kyy = V(IvlA)



PERPENDICULAR AXIS THEOREM

“The moment of inertia of an area about an axis perpendicular to its plane at any point O is
equal to the sum of moments of inertia about any two mutually perpendicular axis through
the same point lying in the plane of the area”

If Ixx and lyy be the moment of inertia of a plane area about two mutually perpendicular axis
X-Xand Y-Y in the plane of the area, then the moment of inertia of the area Izz about the
axis Z-Z is given by

Izz = Ixx+ lyv (Izz is also known as polar moment of inertia).

Plane
section
of area A

Proof:
Let A plane area A is lying in plane X-Y is shown in figure.
Let x = distance of dA from Y axis
Y = distance of dA from X axis
R = distance of dA from Z axis.
Then rP=x?+y?
Now moment of inertia of dA about X-axis = dAxy?
moment of inertia of total area A about X-axis = SdAxy?
moment of inertia of entire area A about Y-axis = SdAxx?
moment of inertia of total area A about Z-axis = SdAxr?
TdAxr? = SdAX*+ y?)

=NdAxx? + TdAxy?

= Ixx + lvy

Izz= Ixx+ lvy




PARALLEL AXIS THEOREM
“if the moment of inertia of a plane area about an axis in the plane of an area through the

C.G of the plane area be represented by I , then the moment of inertia of the given plane
area about a parallel axis AB in the plane of area at a distance ‘h’ from the C.G is given by

lag =l + Ah2

Proof:
Consider an elemental parallel strip dA at a distance y from centroidal axis,

Plane P
T

Then Iag =3 (y+h)% dA
=Y (y*+2yh+h?). dA

=3(y*) dA +3(2yh) dA +3(h?) dA

Here, 1. Y7 dA = Ig,
2. (2vh) dA = 2h.>y. d4, where Yy. dA is the moment of the total area about X-X

axis,which is equal to zero because X-X is the centroidal axis.
3.3t dA=h% Y dA =h2A

Therefore Iag = Ig + A h?



Moment of Inertia Formulas

Note: In the table below, Igxx and-lgyy indicates the moment of inertia is taken about axes that
passes through the centroid, denoted as *G’. Iap denotes the moment of inertia about base AB.
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14

Projectiles
14.1. INTRODUCTION
When a particle is projected upwards at a certain angle (but not vertical), the particle
traces some path in t i

tion. The path traced by th:
particle is called a projectile

14.2. TERMS USED WITH THE PROJECTILES

The following terms are generally used with the projectiles :
1. Velocity of projection.

2. Angle of projection.

3. Time of flight.

4. Horizontal range.

They are shown in Fig. 14.1. .

14.2.1. Velocity of Projection. The velo- A @ = Angle of projection B
city, with which a projectile is projected into space, Horizontal Range I
is called the velocity of projection. This will be de-
noted by the symbol v. Fig. 14.1

14.2.2. Angle of Projection. This is the an
is projected. This will be denoted by ‘or’.

14.2.3. Time of Flight. It is total time taken b
remains in space. Or this is the interval of tj
ground again. This will be denoted by ‘T".

14.2.4. Horizontal Range.
point where projectile strikes the

Trajectory

gle, with the horizontal, at which a projectile

y & projectile for which the projectile
me since the projectile is projected and hits the

The horizontal distance, between the point of projection an‘d !;he
ground, is called horizontal range. This will be denoted by ‘R

14.3. EQUATION FOR THE PATH OF A PROJECTILE

m—

Let a particle is projected upwards at an angle o with the horizontal with an initial velocity
‘v’ m/s from a point A as shown in Fig. 14.2.

o. = Angle of projection and
u = Velocity of projection.
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The velocity of projection (1) is resolved into horizontal component and vertical component.

They are given as :

Horizontal component of velocity =u cos o. P ——

Vertical component of velocity = u sin o

The vertical component of the velocity is
affected by gravity but the horizontal component
of the velocity will remain constant (provided the
air resistance is neglected).

The particle will move in air along certain l‘____x_—_pi
path APB and will fall down at B as shown in Fig. 14.2
Fig. 14.2.

Consider a point P on the path of the particle.

Let x and y = the co-ordinates of P with respect to A.

¢ = time taken by the particle to reach from A to P.

<

Then the horizontal and vertical distances travelled by the particle in time ‘¢ are :
x = Horizontal component of velocity x ¢
=(ucoso)xt ...(114.12)
and y = Vertical component of velocity x £ — % gt? (using S = ut — 5 8t )
=(usino)XxXt— -;Tgtz ...(14.2)
But from equation (14.1), the value of ¢ is given as
%
1 coso
Substituting this value in equation (14.2), we get
—(usinoc)x———x —lgx ad i
Y= (wcosa) 2 1 coS O
. 2 9
_xsind &Y _rtana- —F—— .(14.3)
Cos O 2u” cos” a 21’ cos” o

For a given value of velocity of projection (v) and angle of projection (), equation (14.3)
gives the variation ofy with the square ofx, which means the equation (14.3) is the equation ofa
parabola. Hence the path travelled by the particle in air is parabolic. Equation (14.3) is also

known as equation of trajectory.
14.3.1. Maximum Height Attained by the Projectile. The projectile will reach the
maximum height, when the vertical component of velocity of projection (i.e., u sin o) becomes

ZEero.
Initial velocity in vertical direction =u sin O
Final velocity in vertical direction =0
Leth,,, is the maximum height attained by the projectile. Then using
(Final velocity)? — (Initial velocity)? = 2aS
i 0% - (u sin @)* = =2 x g X b, (w a=-gandS=h,,)
or —ulsinfo=—2g xh .
u? sin? o |
Pma= "og A (14.4)
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iectile in reaching from point 4 4
: . T n by the projectiie 11 ' 1A ¢,
3.2. Time of Flight. It is the time taken ‘ o waite of any point lyir
int Bl:j:}?oxm ilflgig 14g2 Let T'is the time of flight. _F 1“(31'4‘“%;):2“ ying op
01] N .4, . X ' A ) ae
Ehe path of the projectile after a time ‘¢’ is given by equation
1 2
= i X t— -+ gt°.
vy = (u sin o) 2 0 and ¢ = T. Substituting these values iy the
But when the projectile reaches at B, y = 0 an ‘
above equation, we get

: ' T=1L1g7?2
0=(usino) x T - 1gT* or (usin o)X 58

Cancelling 7" to both sides,
i B B0
usina = 5
7o 2usino (145
g

14.3.3. Horizontal Range of the Projectile (R). It is the horizontal distapqe between
the point of projection and the point, where the projectile strikes back to the earth i.e. , the hori-

zontal distance AB in Fig, 14.2 is called the horizontal range of the projectile. Let this horizontg]
range is denoted by R.

Then R =Velocity component in horizontal direction

x Time taken by the projectile to reach from A to B

= (u cos @) x Time of flight
= (u cos a) x 2u sin o { Time of flight = <2 Sl }
g g

u? ‘

“g " 2 sin 0. cos o +(14.6) (. 2sin o cos o, = sin 20/)

2
u
R =— xsin 90,

g

S1n (201) = sip 9°
90
or = o et o
20 = 90 0= =45 .(14.7)
Then the maximum horizont 1 0
oision( 416 mtalrange (R, ) will be obtained by substituting o = 45° in
2
u . o u2
e g SIn(2x45°) = oy (148

14.3.5. Time to Reach the Highest Point, Wh il . hest
point, the final velocity in the vertical directi Copioe projectile reaches the highe

: Onis zero. Let T ig the o jectile
to reach the highest point. Using the equation, 18 the time taken by the projec

Final velocity = Initial velocity + Accelerati

on x Time (. V=u+al
o O=usino-gx7r

1
{* Acceleration =—£ 4
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1 8in o
g ..(14.9)

From equation (14.5) it is clear that T'" = half the time of flight.

Problem 14.1. A particle is projected at an angle of 60° with the horizontal. The horizon-
tal range of the particle is 5 kilometres. Find : (i) the velocity of projection, and (ii) the maxi-
mum height attained by the projectile.

Sol. (1) Given :

Angle of projection,  &=60°

Horizontal range, R =5 kilometres = 5 x 1000 = 5000 m

T'=

Let u = Velocity of projection
Using equation (14.6) for horizontal range,
u® u? ;
R =— xsin 2a or 500 =—— x sin (2 x 60)
g 9.81

, 95000x 9.81 5000 x 9.81
o “=74in120° ©  0.866
& u=.56639.7 = 237.99 m/s. Ans.
(i) Maximum height attained by the projectile
Let b = Maximum height attained by projectile. Using equation (14.4) for maximum
height,

= 56639.7

u?sin?a 237992 x sin? 60°

h =

max 2g - 2x9.81
2 2 '
= 237.99 x (0.866) =2164.98 m. Ans.
2x9.81

~ Problem 14.2. A particle is projected in air with a velocity 100 m/s and at an angle of 30°
with the horizontal. Find : :

(@) The horizontal range, (@) The maximum height by the particle, and
(iii) The time of flight.
Sol. Given :
Velocity of projection, u = 100 m/s
Angle of projection, o= 30°

Let R = Horizontal range

h o = Maximum height attained by the particle, and
i T = Time of flight.
1) Using equation (14.6) for horizontal range,

R XXSin 20 100% xsin (2 x 30°)
g 9.81

N 100.00 x sin 60 8
9.81 = 882.77 m. Ans.

aximum height,
o 1002 x sin? (30°)
2g 2x9.81

(if) Using €quation (14.4) for m

h it u2 sin
max —
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100% x (05)*
= 2x981
=127.42m. Ans.
(@) Using equation (14.5) for time of flight,

2usinoe 2x100 xsin 30° _ 2 %100 %05 =10.19 5. Ang,
081 9.81 9.81

Problem 14.3. A particle is projected at such an angle with' the gqrg?]’zaj’fk[‘:f :fher]:)q;'é-
zontal range is four times the greatest height attained by the particle. Fin gte of projec-

(v sin30° =05

T=

tion.

Sol. Given :

Horizontal range =4 times the greatest height _
or R=4x R ()
where R = Horizontal range, and

R o = Maximum height attained
Let o= Angle of projection.
2 .
2
But from equation (14.6), R= = Sj; =
_ u? sin? o
and  from equation (14.4), R = 0
-8
Substituting these values in equation (1), we get,
u? sin 29, 4 xu? xsin? g
——— _IZ7U XsSIn"q
g 2%g
: . 2
or SIn 20 = 2 sin? g (cancelling L both sides)
g
or 2 8in o cos o, = 2 sin? o,

or

Sin 200 = 2 sin o cos o)
COS 0. = sin o,

(cancelling 2 sin o to both sides)
sin
or =1 or tana=1.0

Ccos o

] o =tan™! (1.0) = 45°, Ans,
Problem 14.4. A particle is projected with a velocit

_ Y of 20 m/s in gir at angle
horizontal. The x and y co-ordinates of a

i . ‘@’ with the
point lying on the trq

ecti ) Jectory® of the particle with

respect to point of projection are 20 m and 8 m r espectively. Find the angle of projection of the
particle.

Sol. Given :

Velocity of projection, z = 20 m/s

Angle of projection =6

x co-ordinate =20 m

y co-ordinate =8 m.

o ‘ ed by icle w jected in air at cers
i d by a particle when projec ;

“Traj the path trac

*Trajectory 18 |

i angle (but not verti-‘
) wi izontal.
cal) with hor



PROJECTILES 500

The equation of the path traced by a projectile
is given by (14.3). Hence using equation (14.3), we

have
2
y=x tan o — __ig_x_z_
2u” cos” o Trajectory
9.81 x 202
8 =20tan o —
or 2 x 202 cos? o
4905
=20 tan o — 2
cos” o
=20 tan oo — 4.905 s2? ¢,
( 5 = sec? o&]
cos™ o Point of Projection
i<z secZ ou=1+ tan? o)
=20 tan o0 —4.905 — 4.905 tan? o
or 4905tan?o —20tano +4.905+8=0
or 4905 tan? oo —20tan oo + 12.905 =0

The above equation is a quadratic equation in tan o. Hence its two roots are given by

20+ 20% — 4x 4905x12905 20+./400- 25319 20+ 14681
2 % 4.905 B 9.81 - 981
_20+12116 32116 . 20-12116

9.81 ~ 981 9.81
Iftan 0.=3.273then o ='73°0.8’. Ans.

Iftan 0= 0.8036 then o =38°47". Ans.

Hence for the ociven valuee thare wnill ha twa anolac af nraiectinn

tano =

=3.273 and 0.8037
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Kinetics of Rigid Bodies and Laws of Motion

15.1. INTRODUCTION

T —

Kinetics is that branch of Engineering Mechanics which deals with the force systen
which produces acceleration and resulting motion of bodies. In the previous chapter i.e., chap.
ter of kinematics of Rigid bodies, we have dealt with the motion of the bodies (i.e., displace.
ment, velocity and acceleration of rigid bodies) without consideration of forces which produce
these motion.

When a body is at rest or moving in a straight line or rotating about an axis, the body
obeys certain laws of motion. These laws are called Newton’s laws of motion. There are three
laws of motion. These laws for linear motions and angular motions are given in the next articles.

15.2. NEWTON’S LAWS FOR LINEAR MOTION

First Law. It states that a body continues in its state of rest or of uniform motion ina
straight line unless it is compelled by an external force to change that state.

Second Law. It states that the rate of change of momentum of a body is proportional to
the external force applied on the body and takes place in the direction of the force.

Third Law. It states that to every action, there is always an equal and opposite reaction.




45.7. MOTION ON AN INCLINED SMOOTH SURFACE

Fig. 15.2 shows a body of weight W, sliding down on a
smooth inclined plane.

Let 6 = Angle made by inclined plane with horizontal
W = Weight of the body
a = Acceleration of the body
m = Mass of the body

W

- Fig. 15.2
g

As the surface of the plane is smooth, hence the frictional force will be zero. Hence the
forces acting on the body are its own weight W and reaction R of the plane. The resolved part
of W perpendicular to the plane is W cos 6, which is balanced by R, while the resolved part
parallel to the plane is W sin 6, which produces acceleration down the plane. This force is
responsible for the movement of the body down the plane.

Net force acting on the body dewn the plane is

F=Wsin 6
Now using the equation (15.2), we have
F=mxa.

Substituting the values of F and m in the above equation, we get
Wsinf=— Xa
4

2L a=g sinb ...(15.3)
If the body is moving up the plane, the corresponding acceleration will be — g sin 6.

15.8. MOTION ON AN INCLINED ROUGH SURFACE

Fig. 15.3 shows a body of weight W, sliding down the rough inclined surface.
Let a = Acceleration of the body

m = Mass of the body = ‘—V—
8

0 = Inclination of the plane with horizontal
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i = Co-efficient of friction
F, = Force of friction.
e, the force of

As the body is moving down the plane, th
friction will be acting up the plane as shown 1n Fig. 16.3.

Now force of friction,

F, =R

=p x W cos 6 (- R = W cos 6)
Force acting down the plane,
F,=Wsin 6

Net force acting on the body down the plane,
F=F,-F = W sin 6 — p W cos 6.

Now using the equation (15.2),

F=mxa
W ( m:E}
g

or (WsinO—chosB):E X a
i — W (sin 6 — p cos G)Xig—
or W(smG—pcosB):;xa or a= W

a =g (sin 8 - cos 6). u ..(15.4)
Problem 15.11. A body of weight 200 N is initially stationar.‘y on a 45° inclined plane.
What distance along the inclined plane must the body slide, before it reaches a speed of 2 mjs,

The co-efficient of friction between the body and the plane = 0.1.

Sol. Given :
Weight of body, W=200N
w200
Mass of body, m= E = 981 kg
Angle of plane, 0 = 45° -
Initial velocity, u=0 S
Final velocity, v=2m/s

Co-efficient of friction, p=0.1.
The acceleration of the body is given by equation
(15.4) as
a = glsin 6 — p cos 0] = 9.81[sin 45° — 0.1 cos 45°]
=9.81[0.707 - 0.1 x .707] = 6.242 m/s?.
Now using the relation,

v? — u? = 2as or 22-02=2x6.242x s
s= —2X25 L g49
et - m =32 cm. Ans.

Problem 15.12. Two bodies directly in i ]
. ’ 5.12. Two be y in line and 10 m apart are held stationary on @
Znidlzngdopolg(ze }(Liavmg inclination of 20°. The co-efficient of friction between the plane and lower
ody is 0.08 and that between the plane and the upper body is 0.05. If both the bodies are setin

motion at the same instant, calcul ] 1
it » calculate the distance through which each body travels before they
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/" Upper body

Sol. Given :

Initial velocity, u=0

Angle of inclined plane, 06 = 20°

Co-efficient of friction between the
plane and lower body, 1, = 0.08.

Co-efficient of friction between the
plane and upper body, K, = 0.05.

Distance between two bodies,
d=10m.

Let the two bodies meet after ¢’ Fig. 15.5
seconds.

If s, =Distance travelled by lower body in time %, and
s, = Distance travelled by upper body in time ¢’.
Thens,=s, + 10 (2
Let a; = Acceleration of the lower body down the plane, and
a, = Acceleration of the upper body down the plane.
But the acceleration of a body moving down a rough plane is given by equation (15.4).
a = g(sin 6 — p cos 0).
Acceleration of lower body,
a, = g(sin 6 — , cos 6)
= 9.81(sin 20° — .08 x cos 20°) (- p, =.08, 6=20°
= 9.81(0.342 — .08 x 0.9397)
=9.81(0.342 — 0.0752) = 2.617 m/s2.
Acceleration of upper body,
a,=g(sin 6 — 1, cos 0)
= 9.81(sin 20° — .05 cos 20°) (o My=.05)
=9.81 (0.342 -- .05 x .9397)
= 9.81(0.342 — 0.04698) = 2.894 m/s2.
The distance travelled by the body is given by

s = ut+ %at2

W, cos 20°

Distance travelled by the lower body is given by
s;=ut+ 3 at?

— 1 ‘
=0xt+3 x2617 x £2 (v u=0 and a, = 2.617)

=1 2= 2
1 x2.617 x 2= 1.3085 ¢ (i)

Distance travelled by the upper body is given by
82=ut+~21-a2t2=0xt+% x 2.894 x ¢2

=% x 2.894 x 2 =1.447 ¢2

Substituting the values of s, and s, in equation (i), we get
1.447 2 = 1.3085 ¢2 + 10
or 1.447 £2 - 1.3085 £2 = 10 or 0.1385 =10

(1i1)




ul VRNt T tmt SIT YW IVIW..\E&NIC(\ I}

B6 |
J 10 | [79.202 = 8.497 5.
e i 1) and (iii), we get
v o the value of 710 equations ((u,) and (111), we
Substituting (YD 9085 x 84972 = 94.476 m.  Ans.

1 g _ .
s,= 1447 x 8.497% = 104.476 m. Ans

and iohing 6 kN just moves freely (engine is not Tunning)
. truck weig ' . ' Du
Problen,l_lfc'):-t?; df;wn a slope of 1 in 40, the roqd resistance at tfus speed just being
36 A~i(ozzzfc':rc;) ‘;7; z,) e’i t any acceleration. Find the road resistance per kN weight of truck,
sufficient to

What power will the engine have to exert to run up the same slope at double the Speed

. : 2
when the road resistance remains the same !

Sol. Given :
Weight of truck, W=6kN =6 x 1000 N
= 6000 N
Speed of truck, u = 36 km/hr
_ 36 x1000 516 s
60 x 60
Slope of the road =1in 40
- 1 Fig. 15.6
inf=—
sin m

Fig. 15.6 shows the position of the truck, when it is moving down the plane. The road
resistance () is acting in the opposite direction of the motion of the truck. The truck is not
having any acceleration and hence it is moving with a constant velocity of 10 m/s. Hence the

net force on the truck in the direction of motion should be zero. But net force on the truck in
the direction of motion (See Fig. 15.6).

=Wsin 6 - F,
1 1
= 6000 x 0 F, { W =6000 N, sin 9=Z6
According to the given condition,

6000 x — —F, =0
40

1 6000
F, =6000 x 0" 10 =150 N
Frictional force per tonne weight of truck
_ Iy _ 150
Weight of truck in kN =~ 6
2nd Case. Truck is moving up an inciined plane
of slope 1 in 40 with double speed. Road resistance is same.

Speed of truck =2u =2 x 10 = 20 m/s
. 1
St P = —
4
Road resistance = F1 = 150 N.

The truck is moving at constant, speed of 20 m/s up
- the plane. : Fig. 15.7
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Let P = force exerted by engine up the plane.
As the truck is moving with uniform speed, the

“hould be zero (See Fig. 15.7) ’

P - W sin 8-F, =0

net force on the truck along the plane

or
P=Wsin 0 +F, =6000 x :1% + 150 = 150 + 150 = 300 N
*Power exerted by engine

- (Force exerted by engine in N) x Speed of engine in m/s

1000
(300N)x20 m/s 300 x 20 ,
= — = 6 . .
1000 1000 . °

Problem 15.14. A train weighing 200 kN moves down a slope of 1 in 150 at 18 km/hour

and engine develops 3.5 kW. What power will be required to pull the train up the slope at the
same speed ?
Sol. Given :
Weight of train, W =200 kN = 200 x 1000 N
Slope of the track =1in 150
1
ol
sin 720
2 18 x1000
Speed of train, u = 18 km/hr = Ty m/s = 5 m/s

Power developed by engine = 3.5 kW.

1st Case. Train is moving down the plane as shown in Fig. 15.8 with a constant velocity
and hence it will not have any acceleration. So the net force acting on the train in the direction
of motion should be zero. But the forces acting on the train in the direction of motion are :

() W sin 6 in the direction of motion

(ii) Foree of friction F in the opposite direction of motion

(iii) Force (P) exerted by engine* in the direction of motion.

Fig. 15.8

*Power in kW = Force in N x Speed in m/s .
1000
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i i g 2 () Ii(’l]
(&) i > AT L] ll 'L‘(‘tl()n ()[ m l
! orce ac t\ng on nglr\(, n LhL 1l
N W lh( “O‘ f ree ac

=Wsin0-F+P
Wsin0-F+P=0
1 p.p-0  or 133333-F+P=0 g
or (200 x 1000) x 150
But power developed by engine

(Force exerted by engine in N) X u i 55 - Q
g 1000 1000

p - 35x1000 g6 N
5

Substituting the value of P in equation (i), we get
1333.33-F + 750 =0
or F =1333.33 + 750 = 2083.33 N.

2nd Case. Train is moving up the same plane at the same speed as shown in Fig. 159
As the plane is same and hence frictional force will remain same.

Fig. 15.9

F =2083.33 N.

. . o 00
The train is moving with constant speed and hence acceleration is zero. And net for
engine should be zero.

Let P* = Force exerted by engine while
Net force on the engine = P%

P*—Wsin@—F:O

moving up.
~Wsing-p,

or

P*=Wsin 0+ F = (200 x 1000) x % +92083.33
=1333.33 + 2083.33 = 3416.66 N.
Power developed by engine = £ “ Xt _ 3416.66x5

. e
) =——"° _ 17.083 kW.

1000 1000 )
*In Problem 15.13, whe

] g not rul [ted B
n the truck wag moving down the plane engine wa ilbe oxe
hence force exerted by engine was zero. In this cage engine is working and hence force
engine. -

i
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e Dynamics 5.37
5.7 cYLINDRICAL CO-ORDINATE SYSTEM

0 Angular displacement
(0); Fig- 5.7 The angle
Subtended at the center by
the path (A to B) travelled
by the particle 1s its angular
displacement (6). The unit of ’
angular displacement is
degree or radian or
revolution. It is denoted by

A Start

g if measured in degrees or Fig.5.7 B

in radians and by N if
measured in revolutions.

(ii) Angular velocity (0): The angular displacement of a
body per unit time is its angular velocity. It is denoted by

(omega) w.

Angular displacement

)
® =" Time interval :

The unit of ® 18 degrees per second (or) radians per
second. The unit of N is revolutions per second (rps) or

revolutions per minute (rpm). Now © can be written as

6= ot

i . The change in angular

eleration () ) .

::11) ‘?ngulal;ln?: ctime is the angular acceleration. It 1S
oCity per

denoted by o. .
nge in angular velocity

a:



" t ) anc “ 1 d
/] an *"!1

nd t is the time during which this " b
£

The unit of angular du"lErat,:&‘

where
respectively @

takes place.
.

degrees/secl or radian /sec

5.7.1 Rotation Motion

Consider a  particle
moving along the
circumference of a circle of
radius r with constant

angular velocity o rad/s.

Let the particle at A
(Refer Fig 5.8) moves to B
in ¢ seconds.

It moves through an angle 6 radians.

. The angular displacement 6 = w¢

The linear distance travelled in ¢ seconds along d"
circumference is equal to the length of arc AB= =5;0 i

radians = w_ s

radius ;
So 8 =79 AN
If the distance 1s covered in ¢ seconds,

. Tan I 1
gential velocity (or) Linear velocity v = ‘:— -

= R TSGR S S e
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0 |
: - =, we get
substltute t

U=ro (1)

We can also write @ = =
r
i th'e body is moving with a4 constant angular
aeceleration O
bt
t

O =

i v
But from (i) w; = —and o= B

r
V—-Uu -
n.a= =g [-..v u=aJ
rxs @ t
La=ro ... (i)

In all these equations from (i) to (iii) the value of
6,0 and & must necessarily be in radian units. Then the
terms in translation motion s, v and ¢ will have the units
corresponding to the unit of r. Thus if 6 is in radians and
ris in mietres, then the distance s obtained by the formula
$=rf is in metres. The same procedure applies to the units

of linear acceleration.

6.7.2 Equations of rotationgl motion:

n with uniform angular
ations similar to the three
h uniform acceleration.

For the rotational motio
dcceleration, there are three equar
®quations of translation motion Wit

Consider a body moving along the circumferer(;ce otfha
i o the
trcle, It has wp as its ipitial angular velocity an

: the angular
Uniform angular acceleration: After time £,

e -l



—

velocity and O 18 the

ed the final ungll“”'

velocity is o, call
angular displacement.
Change in angular V€

: (4]
locity = @1 0

(|)| (”"
s o= t

s w,-wo+0¢ 1)

(This equation ig gsimilar to V= u+ at)

Angular displacement )

o = Average angular velocity x Time
Wy + W1) o

= —(—-—0-—2""'1" Xt ... (11)

Substitute mq = 0y + ¢ in eqn. (i), we get

(0 + Wg + OF)

® xt
P 2

L]

9=wot+-;-at2 ... (iii)

[This is similar to 8 = ut + -% at? )

From equation (i) ——
Wy =0y + ot
Squaring on both sides,
we get
(0% s ((DO + at)2 .8
co'f = m% + 2wqot + alt? Fig.5.9 7= radius__—
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2 2 + ot )
p l((J) t
= 00 « 0 2

4 b, $nis ]
0= t+-ae? |
{ A ]

mf = u)(2, + 206

W (1V)

(This 18 similar to v =u?+ 2as)

/Th: three equations of angular motion (rotational

qotion) with uniform angular acceleration are

1. 0y =0o+0t
1
2. 9=u)0t+§al2

3. (o% ='m(2, + 200

Circular motion or motion of rotation may be explained
in a different manner in the following pages.

The motion of a body along a circular path is known
s circular motion. In circular motion, the f:entre of.' rota}txon
remains fixed. The examples of the bodies moving In a

trcular path are: Shafts, Flywheels, Pulleys, etc.

Angular Velocity ®©
It is deﬁned as the
displacement of a body.

rate of change of angular

Angular displacement
0= P

= % in rad/sec.

Linear displacement
Time

Linear velocity Y "




sy =raw
Relation between U and o 18

on O

ngu he rate of change of angular velocity,

It is defined as t

do here a gv
_ao w Togda
=" dt
& dv
a=m_c_l_e_ where a=vzi-;

Relation between ‘@’ and ‘@’ 1S @ = ro

5.8 SUNMMARY OF TRANSLATION AND ROTATIONAL
MOTION

eq.xations of Translation and Rotational Motion with
Uniform acceleration

Ci :
ircular (Rotation) Linear (Translation)

1
1. 0= t+— oz
o 2 oz Where 8 = ut.,._l.atz

2

2. Wq=
. 01 =0+ at
¢ where v =y + o4

2
ere v°=y? 4 2gs and

| § = % u

N = revolution e

per minute; o= 3___7‘1_\’__

: 60
Rotation motion with .
constant angular velocity m-l <

SO 9 -
“’Ot b i mlt

d=(



/ Total number of

4 4]
revolutions = — for
2 r any

type of motion.

=15 The angle of rotation of a body is given by
Pﬁ,blfm D

e o 5t2 + 8t + 6. Determine

,ud{“" '
fh( ngular vpl()("t}' ONd

Jdar acceleration of the body when t=0 and when
o (Oct. 2003 - AU)

Solutiom

Angular displacement 0 = ot3 - 5t + 8t + 6

Angular velocity @ =-c£—= 6t> - 10t + 8

Angular acceleration o =-‘-?t-= 12¢ - 10
when t=0

© =8 rad/s [ =6t - 10t +8]

a0 salt - Pieeim 10
when ¢ = 4 sec

© = 6(4)° - 10(4) + 8
=96 - 40 + 8 = 64 rad/s

o =64 pad it EE

o =12(4) - 10 - 38 rad/sec”

u-sSudli’~
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4 Problem 5.16: A body is rotating with an angular velocity of
o

5 rad/s. After 4 sec the angular velocity of body becomeg 19

rad/s. Determine the angular acceleration of the body.
(Apr 2006 - AUy

Solution:
(Given
wg = b rad/s; ¢t = 4 sec; 0, = 13 rad/s
o = Angular acceleration = ?
Wy =wo+ot te 13=5+w4)

= % = 2 rad/sec2

Angular acceleration o = 2 rad /s?

Problem 5.17: The rotor of an electric motor is rotating at a
speed of 720 rpm When the steam supply is suddenly cut off,
it i1s observed that 5 mins are required for the rotor to come
to rest. Assuming uniformly accelerated motion determine
(a) the angular acceleration and
(b) the total number of revolutions.

(KTU - June 2011)(Cochin University - May 2014)

Solution:

1 revolution = 27 rad

21N
Ng =720 rpm ; g = 80

~ 2m x 720

a5 75.4 rad/s

t =5 min = 300 sew; =0 [." finally the rotor comes

to rest]
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0= 157.08 + (100)

| 15708 s - 1,874 rad/s2

“F7100

~ gign indica
[~ sign indicates decelery,
To find

Frictional couple (or) Frictional Torque 7
T=1Iaq

- 12.5 x (- 1.571) = 19.63 N-m

T=-19.63 N-m

Problem 5.19: The rotor of flywheel is governed by the

equation o =2t* - 2t +2 where @ is rad/s and ¢ I8 in second
After 1 second from start, the angular displacement was 4
radian. Determine the angular displacement, angular velocity

and angular acceleration of the fly wheel when t=3 second.

(Cochin University, May 2014)

Solution:

Angular velocity, ¢ = %ft)- = 2t2

-2t + 2

0 t

.[d9= _[ (2% - 2t + 2) dt

90 t,

Angular Displacement,
2 2.
6-60'{'%8"&;‘4-%1 when t =18
0 =4 rad

e~eo?0'67ts~tz+2t

e—-e,,==0.67-1+2-1.o7md
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0, =4 - 1.67 = 2.33 rad

once 0= 0.678% - % + 2t + 2.33

2
d“0
NOW (X:"“dtZ =4t ¥ i 2

Angular acceleration o = 4t~ 2

When t=3sec: 0= 0.67t% - t2 + 2t + 2.33

g =0.67 (33) ~3%24+92(8)+233 =17.42 rad/s

0 =17.42 rad/s

o=22-2t+2=2(38%-2(3)=12rad/s

o = 12 rad/s

o4t -2 =4 (3)- 2 =10 rad/s®

o=12 rad/ss2

59 COMBINED MOTION OF ROTATION AND
TRANSLATION [GENERAL PLANE MOTION]

General Plane motion is considered as the sum of a
translation motion and 2 rotational motion.

Example 1
(i) Consider 2 rod at its initial position A; Bi (Dotted

tisia); The r6d . niaves to new position Ag By 88

in Fig 5.10 (a). This movement is called
motion.

shown
General plane



A;.\o‘ ‘2
_.:i |ati A R + Rotation abo tAZ
: - Transia on v
plane motion the center
(c)

(b) Fig.5.10.
can be obtained by moving A, B,

’ (Translation) as n Fig.5.10

(a)
qi) The movement
horizontally t0 Aq9B,
(b) and then

about Ag SO that B,  rotates to

(iii) Rotating Ag By
s shown in Fig

By anticlockwise (Rotation) a
5.10(c).

So General _T : -
e i 18 ranslation + Rotation about end A,

Similarly consider example 2 (Fig. 5.11)
(i) A wheel is rolling on road. After some time, the

point A, and B; moves to new position Ag and

B,. This motion is general plane motion,
combination of rotation and translation.

/

B B', B

ie

Pla | » o)
ne motion = Translation  + Rotatio? t'::
Fig. 5.1 the €22
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The same can be obtaineg by
)

" Al()\li]]g [‘ 1 ‘dnd B h 1
(i1) 1 - NOrizontally ; '
y into A,, .

fl motion) and then

| about Ay 50 that B votates ko
B, clockwise. (Rotation motion)

respectively (Translatig

(iii) Rotating Ay B’
<« Gen eral plane motion = Translation + Rotation about

the center,

By using above principle,the absolute velocity of B can
out by the following formulae,

{Ound
VB W VA » UB/A
(Pla.ne OO (Rotation of
motion) AB about A)

where vg = Absolute velocity of B
'v 4 = Absolute velocity of A
vg,4 = Relative velocity of B with respect to A
= The length AB x angular velocity of the rod AB
=rm
The formula can also be written as vq =vp+Va/B
Similarly, to find acceleration of place motion,

a, =aptda/B \

aB = aA *» aB/A

'm rolls without slipping
niform velocity of
and G on the

Probi

blem 5.20: A cylinder of radius 1

200ng a horizontal plane. Its centre has a U
MIs. Find the velocity of the points E, F



Fig.(a)
by

Solution:

At D, velocity of D 18 Zero- [Sine D is in contact wit

road] s |
The motion of the center ‘C’ is known - i

UC = 20 m/ S

To find ©

Plane motion = Translation + Rotation about the center

—

e_ e
vp=vo+Up,c (Vector sum) and vp,c=ro=1x0

0=20-1x4 [Since v, is in leftside direction, it *

negative]

Angular velocity 20
of cylinder [ @~ g

Velocity of point E (Fig. (b))
vg/c 18 vertically upward

—3
vg=vc+Vg,e T (vector sum)
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N
Ve IShorizontally F Ve =l
right
E
Vpo=lw

4, 2 2
Vg = ve T VE/C

[And vg,o=ron=1x20 =20 rad /s]

_202 + 20% = 28.28 m/s

VE;, 2
tanez—'iqz"g‘= 1; 6:450

Ve 20

To find Velocity of point
F (Fig. (c))

horizontally

right.

i the
Plane motion = Translation + Rotation about
center

-4 -3
Vp=Vg +*UVF/C

b =1x20=20rad/s]

- o

;;=§6+§'6=40m/5

=ro
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To Find Velocity of Point G (Fig. (d))\

Plane motion = Translation + Rotation about ¢, Centy,

-
vg = Ve tUge

——

\/02 + Vo + 2v0 Vge cos 60

2 . on2 N arias &
= V20 + 20 +2% 20 X 20 X cog 6o
=34.641 m/s

UG = 34.641 m/s

Problem 5.21: An automobile travels to the right qf p

constant speed of 72 km/h. The diameter of the whee] j;

1. Angular velocity of the wheel.
2. Velocity of the point B,
3. Velocity of the point C.
4. Velocity of the point D.
5. VelocitLof the point E.

Solution:

At C, velocity of ¢ i

zero. ['. " C is in contact with
road]

ie vo=o0

The motion of the center
‘A’ 1s known
1.e vy =72 km/h




planemotion = Translation + Rotation about the center

il
ve=va+Vci/a " uga =T
e v =-0.28
0=20-0.28x e "

Here vo,4 is in left side direction, hence it is - ve]

— Angular velocity of wheel, u)=-62-298-= 71.42

o = 71.42 rad/s

% Velocity of the point E

Ug/4 is vertically upward.

i
UE=UA+UE/AT

UE=\JU‘24+U%/A

[ g, 0= rw =028 x 71.42
—- 20 rad/s]

_ N(20) + (20)
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/‘ﬂ_«- . ——

V“,- T () "I'ﬂ, P 71 42
= 20 rad / &

Vool

: Fig. d

, \/u?; | “?;A F2Up Upyp COB 30"

s \/(2-(—);9—7(50)2 + &:EO % 20 % cos 30°)

UD - 8&-64 M/.

Result
1, w="7142 rad/s

2. by~ 40 m/s

8. vp = zero [At C, Velocity of C in zerol
4' UD L 38.64 M/I

B. vy = 28,28 m/s

Problem 5,22: A cycle is travelling @ ong a straight road with

U velocity of 6 nz/lﬁm,I}ﬂNH1N$ﬂ¢ the velocity af‘lluj:;;‘;z:
the wheel situated at a radial distance of 200 mm

s 80° with the
hen CA makes 30 wit
“nter C of the front wheel, w‘ of the wheel s 400 mm

"Oflaoueal through C. The "‘“ﬁ > (v fJune 2010-A
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Solution:
We take C as a pole.
(and we can write  Uac

instead of v4,0r UDC instead

Of UD/‘ C)

- .
J; o Jé + Va0 (Vectorial

addition)

where vyo=ry0=020 [.°

To find o

The velocity of point ‘D’ which is having contact witt
the plane must be zero, i.e. vp =0

—

- o
But vp=vp+vp, (Vectorial addition)

0=5-04q@

[vpe is leftside direction, so it ig negative]

5
W= 'O‘Z =12.5 rad /sec

w=12.5 rad/sw

(So YaAc=r10=02x195 2.5 m/s)

-—>

N o,
NOW. * g Bodbingty

(Vectorial addition)

=5+ (02 |
(0.2 x 12.5) (Vectorial addition)

; Y diagram, we can easily get th
solution



/’-— g Yk N\\\J
Refcf the Flgure (a)

1. Take a point ‘o
9. From ‘0’ draw a line horizontally parallel to ,
o
and equal to 5 ecm and mark the point c.
(Take 1 cm =1 m/sec)

3. Draw a line parallel to vy, inclined at 60° to
horizontal from ¢ and length equal to 2.5 cm
(equal to 2.5 m/s) and mark a. (vs, direction is
60° inclined to horizontal)

4, Now join oz which is equal to 6.614 cm. Then
length oa is equal to v, i.e. vy =6.614 m/s.

Analytically

< e . o
Y4=Ve + vy0 (vectorial addition)

s \/U% + (UA/C)2 + (2v¢ (Va/C) cos60)
# V52+252+(2x5x25xcos 60)

@625 +12.5 = 6.614 m/secC

"4=6.614 m/sec
"4 1S same in both methods.




B

e

Problem 5.23: A cylindrical roller is in contact atm

bottom with two conveyor b

olts. If the top belts runs gy oy g
fo
4 mls and the bottom at 2.6 m/s, find the M

U/

speed of b
velocity and angular velocity of the roller. The diamete, of
roller is 500 mm. (Nov 2017 . Ay
\)
Velocity of the point A
Given: | Solution B o

v.=4 m/s

i ’- ’d’ f’//&

,y;,

Fig. (a)

V2—2 5mls

= -
Vg =Up +
A=VUo UA/C’ substitute vA—vl-4m/s

= = -
4=vC+m (1)

Velocity of the point B

o S L
Up=Vg— UB/cs [UB-'uz 25m/S]
—.)
BB -vo-nb s @
Add 1 & 2
6'5=200+0

6.5
ve = -7)-=325 m/s
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qubstitut® ve = 3.25 in equation (1), we get

> R
- " 4+ 020 @

4 = Y(
AR - ";',,
7=3.95 ¢ 0.20w

). 75 )

U2 =3rad/s

l‘C=3'25 m/Ss; o =3 rad/s.

qu,,(1,’1;:_1——5.242 The rod AB is 1.8 m long and slides with its
in contact with the floor and the inclined plane. End A

nds
woves with a constant velocity of 6m/s to the right. At the
instant when 0= 25°, determine (a) the angular velocity of the

rod (b) the velocity of the end B (Refer the fig.)
(Nov/Dec 2007-AU)

vm—

00

v,= 6m/s (6cm)
Fig.a Velocity diagram

s

Solution:
The velocity of the end ‘A1

as the pole. Now apply the Genera
Rotation about the center

Plane motion = Translation ¥ .
B=

s known, So we choose ‘A’
] Plane Motion Equation.
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To Draw vel

1.
2.

ocity diagram (Refer Fig- (a)]

Take any point as ¢

Draw oa =6 ¢m to represent Ug = 6 m/ sec. (Scal,

1m/sec = 1 cm) horizontally since V4 direction ;

horizontal.

Draw a line parallel to inclined plane (49

through point 0, (Here the length of the line j
not known. So draw to any length) to represent
vp direction.

Draw a line perpendicular to the rod AB through
point @ to represent Up, A direction. (Here also,
the length of the line is not known. So draw to

any length)
"he above two lines will intersect at b.
Tow measure ob = 5.6 cm. So vg= 5.6 m/sec

Now measure ab = 4 cm. so vg,4 =4 m/sec

Analytically
by analysing triangle shown in Fig b.
Using Lami’s theorem,

UBA

YA

sin 40 sin75 sin 75

=6.212
ol VA = 6 m/S)

v = 6.212 X sin 40 =4 m/s

UB

VA

sin 65 sin 75  sin 75

= 6.212

vg= 6212 x sin 65 = 5.63 m/s

vp/a = @AB) X0






I” a !.(“'11 L o 'S n
Jkwise angular velocity of 2500 "Pm, Fy,

determine (a) the angy)
Qr

nstant cloc o
, shown n fig. | .
rod BD. (b) The velocity o .

(May/June 2010, Al)
—2U)

.\R .’h]s a &

the ¢ra '}f\‘ ,’N)SI{I‘UII

sk (8 / / .

Uf' f.’h‘ connec tir
!

(o4
15

velocity

piston.

Solution:

To find vg

_2nNap  2mx 2500

AR 50 i 261.8 rad/s.

vp =roap = (AB) 0p = 0.075 x 261.8 = 19.63 m/s
vp direction is perpendicular to crank AB.

To find v;, and Wpp (Motion of connecting rod BD)

Plane Motion =

Trnnslntlon
Fig .(b)




+ Draw ABD b :
: Extend AB Y USINg given data (F
& Exten '

. | and draw vertical 18.(c)).
Both lines intersect at I Ine from p

Now by measurement from Fig, (

1g8. (c¢)

We get  IB=0.2534 m ;
ID =0.211 m

[pstantaneous centre method

Using law of sines,
02  0.075
sin 40  sin ¢
sin ¢ = W _ 0.241

¢ = 13.95°

e -




From AIBD
1D

gin 53.95

0.2 0.211 m

e = 1[)
" gin 50

Also,
B __92 _ 1, -02634m

———————————

. p— T o p
sin 76.05  sin 50

UB UD
s (l)BD - IB 5 ID

v
18,08 N vp = 16.35 m/s

0.2534 0.211

Up 19.63

= - —_ & d/
“BD = 7B T 0.2534 THaI

Alternate Method

Refer Fig. (¢)
v,=16.35m/s

1. Draw ob =19.63 ¢cm to
represent 0

vg = 19.63 m/sec

perpendicular to AB
ie 50° to horizontal
line.

2. Draw line horizontally
(length not known) to

represent v, from O,
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| /lm: perpendicular to gp from p to represent
L (zllength S I

UpB |
¢h lines intersect at d.
0
» w measure od =vp = 16.35 m/s ; Upp = 15.5 m/s
5. NO
- (BD) ®
Also vp/B = (BD) wpp
155 - 0.2 X (DBD

opp = 77.5 rad/s

‘ ' ‘ necti

Seoblem 5.26: In a reciprocating pump, the piston, con nstan,i
F nk are shown in Fig. (a). The Crank OA has a co

ra . ;
g C1500 rom in clockwise. When crank OA is at 45 .to the
E Ofal determine (a) the angular velocity of the connecting rod

g .

g‘?w (b) the velocity of the Piston B.

7 = ng
f OA =8 c¢m and that of connecti
Take the length of the crank f i
rod AB =16 cm (Nov 2012 - AU

Solution:

GiVen;

Speed of the Crank
=Ng, = 1500 rpm;

b=45°, 0A = 0.08 m |
B=16¢m=0.16m _

k
he Cran
Angular Velocity of ¢



so6 EMI—

gnNoa 2%
2niVoA _

woa =~ 60

Linear Velocity ©

1500 _ 157 rad/s

¢ the crank

gy x OA = 167 X 0.08 = 12.57 m/s

vy = VOA FO“ Vg T
. th(} Fig' (b) 0 : , |
From 45° parallel to ,I
16 dg‘re‘ction of
9‘."9§" ) ,_Q,F pistonB. 1 L1 i
sin ¢ S0 39 L |
| iy, Vau |
oo S48 X008 _ g a535

sin 0.16 / |
!  Fig.fe)
¢ = 20.7° ¥ (c) |

Velocity of the Point A is known in magnitude agd
direction, while the velocity of the Point B is known I

direction only.

1. Draw Oa = 12.57 cm perpendicular to OA, scale 1

cm = 1 m/s. [Fig.(e)]

From O, draw horizontal line to represet ;

direction of portion B. (length is not known)

From @, draw line perpendicular to AB »
represent vp, (length not known). Both liné®

intersect at point b.

Now measure

Up=12.25 cm = 12.25 m/s

Upa =9.56 cm = 9.5 m/s

Angular velocity of the connecting rod

PR/AN mAB x AB
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_VBra - BB
©AB="AR =016 = 594 rad/s

_qtaneous centre method

DraW 0A = 80 mm [Take suitable scale] at an angle of
DraW horizontal line from O. Take 160 mm as radius,
centre, draw an arc on this horizontal line and get

Now / OAB = 114.3°.

. produce OA and from B, draw vertical line. Both lines
ect at I. (Instantaneous centre).

45°
/
Wag
: %
&
&8
Vv
&Q"
& 2
& N
> o
K
Qo "
L & -
Q [=
@
E
@
2
o
@
€
>
@
. 69.3
q-ﬁﬁ.-r s My B
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Dynamics 5.69

n angle of 45 with the horizontal g shown in Fig. (a)
a AR N

(KTU-May 2011

- Qn _2006)

Solution:

Given data:

N=210rpm ;I=1m ; r=02m

According to sine rule

02 1
sin® sin O

0.2 xsin 45°

=0.1414
1 O

sin¢

¢ = sin "1(0.1414)
¢ = 8.30°

21tN_21tx210
860 - 60

= 92 rad/sec

mBC =

UB :rwBC
= 0.2 x wpp = 0.2 X 22 = 4.4 M/S

vg = 4.4 m/s






o .
Also, =817  sin 45

[B=14m

VA VUB

n®AB =74 IB

£y VA 44
4B~ 113 14

= 3.143 rad/s

Alternate method

Dynamics 5,71

vs = 1.13 x 3.143

= 3.56 m/s
" Up S 3.56 m/s

|

v,=3.56 m/s

Fig. (d)




/ -

BC to I‘epres%t

tal lin through O, to Tepresen
ity (length not known).
gh b, perpendicular to AB "

3. Draw a line, throu
represent Upa-
Both lines intersect. at b.
5. Now measure

oa =Ux

ba = vgy = 3.14 M/8

_ 3.56 m/S

Problem 5.28: The lengths of crank OB and connecting rog
AB are 200 mm and 800 mm respectively. If the crank rotates
clockwise with an angular velocity of 10 rad/s, find 1. velocity
of the slider A and 2. Angular velocity of the connecting rod

AB.

ol

Solution:
0.2 08

sin ¢ sin45

sin ¢ = 02 .
08 P

=0.1624
¢ = 10.38°






st

5-74 Eng‘neﬂlll ot~ B
IA = 0.93 m

3
R |
similarly, 5,79.62 sin 45 3
B=11m
Now measure, |
A =0.926 m g
IB=1111 m ;
To find velocity of slider A

we know,
(or) Z‘i = Zg-
IA IB
174 '.'f‘-‘
Vy=1A % =2 |

IB

L g ‘
2 Ly




Solv
!gﬁ'ght of

the bar.

=
=

A

B = 10830 = 0.866/ |

17 f\

uonow J0 uolAIQ w
.
<
@

ggus |

§0~=

p——_e
0 Floor AlDirection of motion

(b) F.B.D. of ladder

Draw the diagram and

AB (= 1 m) is the bar Jeaning against & wall with 30°

With floor.
@ 1i Perpendicular to wall from B and
Draw a .me gicular t0 floor from A.
draw a line P€ (Instantaneous centre).

I
¢ Both lines interse® ”



VA Up i
R s
(i) Angular velocity of the bar
5

(i) Velocity of the end touching the wall [vg]

(iii) Velocity of mid point of bar C. ‘v

e

AC " 05 = JC = 0.5 tan 60

tan 60 =

= 0.866 m
Vo = Wypg XIC =10 x 0.866 = 8.66 m



Instantancous Centre

Instantaneous center is a point on a member about
which a body can be assumed to be rotating at the
given instant

Properties of Instantaneous center

Velocity of instantaneous' centre is zero

The magnitude of velocity of any point on a body is
equal to angular velocity times distance V= rw
Direction of velocity of any point is perpendicular to
line joining that point and instantaneous center



* How to find instantancous centre (1)?

Case | :Velocities are parallel and not equal



Case 2:Velocities are parallel, unequal and opposite

" Va

Ve B



Case 3:Velocity are equal, parallel and acting in same
direction

.V“



Case 4: When velocities are not parallel

90~
VA

90

Vs



I.A cylinder of radius 1m rolls without slipping along a
horizontal plane AB. Its center has a uniform
velocity of 20 m/s. Find velocities of the point D and

E on the circumference of the cylinder as shown in
figure.

E



* Linear velocity of I is zero. So it is the instantaneous center.
Given: r =Im,Ve=20m/s E
V= (wxr) r is the distance between |
and pt which we consider
Ve=( o= IC)
20=0x] (IC=r=1)
= ©=20 rad/s

I.Velocity at point E=Vi=( wx [E)=20%2=40 m/s

2.Velocity at point D=Vp=( wx ID)
where( ID *=1C * +CD ?)
ID=(2)
-  VD=20xV(2)=28.28 m/s



2.A bar AB rest at the edge of a wall of height 3m at
some point C on the bar as shown in figure .The bar
makes an angle of 60 degree with horizontal. If the
end A moves with a constant velocity of 6 m/s, find

the angular velocity of bar
B

C

3m

60°"
A~ 6m/s



The direction of velocity of A 1s horizontal and

direction of velocity of C is along the bar BA. The
instantancous center of bar AB is the point of

intersection of the lines drawn perpendicular to the
direction of velocities Va and Ve.

.
B 60°

Vc
304

* VA=bm/s



AC sin 60=3 m

<AC=_3_ .
sin 60 B 60 ]
=346 m
Ve
4
30°
> VA=bm/s

Al=AC cos 30 A

Al=(3.46x cos 30)=4m
Va=( was x Al)
= (DAB= V.&

Al

16 Aorit 2020 —0/4=1 S rad/s STRIVING FOR HOLISTIC EXCELLENCE

12



3.A cylindrical roller 1s in contact at its top and bottom,
with two conveyor belts AB and DE as shown in
figure. If the belts run at uniform speed of 3m/s and 2
m/s respectively, find the angular velocity of the
roller when

* The velocities are in the same direction

* The velocities are in the opposite direction if diameter
of roller 1s 40 cm



L]

Case |

3m/s P.
0.4

m

2m/s Q

” 3m/s

_2m/s



When the velocities are in same direction. let the point of
instantaneous centre be at a distance # below Q.

Velocity of P,

3=0x(0.4 + 1) (i) "4 "~ 3m/s

Velocity of Q,

P O I (11)

Dividing (1)/(i1) we get | ?64

3= ox(04+1)

_2 W X Q. . 2m/s
31=0.8+21 |

£ =0.8 :

Substitute in (1) we get ®=2.5 rad/s



2 m/s

Case 2

» 3m/s

2m/s

p

Q

3 m/s



* When velocities are in opposite direction. Let
Instantaneous center be at a distance * above point Q.

Velocity of P, P 3m/s
3=wx [IP=wx(0.4-7)......... (1) o,
Dividing (1)/(11) we get |
31=0.8-27 I
51=0.8

£=0.16m

Substitute in (11) we get ®=12.5 rad/s

2m/s Q
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Module 6

MECHANICAL VIBRATIONS

o /,_..
—

Mechanical Vibrations - Free and forced vibration -
Degree of fregdom - Simple Harmonic motion - Spring - Mass
.modt‘l - Per l'(_)d - Stiffness - Frequency - Simple numerical
bproblems of single degree of freedom.

/

6.1 INTRODUCTION ¥

Springs, beams, shafts and other elastic bodies when
idisplaced from their equilibrium position due to the
application of external forces, and then released, they
sxecute a ‘to and fro’ motion called vibratory motion.

Vibrations are due to elastic forces. Whenever a body
is displaced from its equilibrium position, work is done on
elastic constraints of body and is stored as strain
energy. Now if the body is released, the inte.rr'lal forces
cause the body to move towards equilibrium posoltxon. If the
motion is frictionless, the strain energy stored in the body

: , #
s converted into kinetic energy: During the'penod, theﬁb y
‘hrium position at which it has maximum

gses through the mean position,
\ . «od to overcome the el.asti;:efc;;c;s
and is stored in the form of Str?in ener‘g).l- ;;Ai:: \tibratior};
. egins to return to the' equi '
8 repeated indefinitely-



T

R S—— b winllh ' bl R a4

6.2 COMMONLY USED DEFINITIONS IN VIBRATQRy
MOTIONS (OR) BASIC FEATURES OF VIBRAT|\q

SYSTEM

1. Period of Vibration
It is the time interval after which the motiop is

repeated itself. It is time period to execute one compleg,

cycle of vibration. It is expressed in second

2. Cycle

It is the motion completed in one time period. If ,
particle starts from mean position, goes to two extreme
positions and then again comes to mean position, then it

completes one cycle. (Fig. 6.1)

maximum
M
\,:/ \:\ mean position
/y (Y
/y 1<\
o % end
/7 \\I
minimum maximum
: Btart 1 cycle inimum
minimu
(a) Fig. 6.1. (1 Cycle) ™ (b) e

5 3. Frequency
Number of cycles completed in one second.

Unit: cycles/sec = Hertz = Hz.

g 4. Amplitude
m
The maximum displacement of a v1bratmg body fr°
the equilibrium posxtlon --



Mechanical Vibrations 6.3

.1 N’a“’”” frequency

( is the frequency of free vibrations of body vibrating
: e WD -/,’;T,h()ut' th‘: h(:lp ()f an extemal agency'

‘ p'und“m"”“‘] (or principal) mode of vibration

[t is the mode of vibration having the lowest natural

quency

Degree of freedom

The minimum number of independent coordinates
ired to specify the motion of system.

Damping

It 15 the resistance to the motion of vibrating /body.

., Phase difference

It is the angle by which one vibrating system is ahead
behind the other vibrating system.

10. Resonance

When the frequency of external excitation is equal to
he natural frequency of a vibrating body, resonance occurs.

L. Mechanical system '
A system consisting of mass, spring and damper 1s
ys

lled mechanical system.

| m
2. Discrete (or Jumped) syste

egrees of freedom.
A system with finite number of d




6.4 Engineering Mechanics T —

6.3 TYPES OF VIBRATORY MOTION

1. Free (or) Natural Vibrations

A vibration. in which after the initial . ‘
external forces act on the body and‘ the motigy i3
maintained by the internal elastic forces, 18 called Naty,,

vibration.

displacemeny .
7 Ny

First of all, a body is given an initial displacemsgm
Then no external force acts on a body; Then the body
said to be under Free Vibrations or Natural Vibrations, Ty,
frequency of this vibration is called as natural frequency‘

Ex: Vibration created in Guitar string, Vibration created i,
Diving boat, Vibration created in Twining fork, Suspensig,
spring at two wheelers (when falling on to a pit).

2. Forced Vibrations

When a body vibrates under the influence o
continuous periodic disturbing internal (or) external force.
then the body is said to be under forced vibrations.

Ex: Vibration created by rotatlng and reprocating
masses of IC engine.

}. Damped Vibrations

When there is reduction -in amplitude over every ¢y
of vibration, energy possessed by a system is graduallf

dissipated in overcoming the internal or exter®®
resistances to motion and body comes to rest in ¥

equilibrium position, the motion is sajd to be @
vibration.

Ex: Shock Absorber with Dashpot. (Fig. 6.2)
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2. Transverse Vibrations:

When particles of shaft moves perpendiculay t0

" . . . ) . “:
axis of shaft, then the vibrations are known as Transv, v

vibrations. During this motion, the body "10\'.;;

perpendicular to the longitudinal axis as shown j, ¥

6.3(b) and the shaft is bent and subjected to tensile ang

compressive stresses alternatively.

—
L 4
Extreme(\' Longitud:
R position % 2 "_‘dm”
Longitudinal P’ axis

P

)
'
Extreme position

[ 4
So ¢ Y Mean

Extreme o iy
position “ ‘/ position
~

Fig.6.3(b). Transverse . Extreme p?sition
Vibrations Fig.6.3(c).Torsional

Vibrations

If the system vibration is perpendicular to the axis
then this is called transverse vibration. It is expressed 1

mm. It induces bending stress.

/3( Torsional Vibrations (Fig. 6.3 (c))

When particles of shaft move in a circle about the &%
of the shaft, then the vibrations are known as '1‘01'51"nal

vibrations. Here, the body will be twisted and un
about the longitudinal axis of the shaft.

Under the influence of twisting moment (Torque)’,
system is twisted and untwisted about the longitV

the

i
|
|




Mechanical Vibrations 6.7

L. This induces shear st -
i : ress. This vibration is measured

v -
ra(lidii
3 5

4+ BASIC ELEMENTS OF VIBRATING SYSTEM

[dealised mathe '

i ontes 1 matical modes of vibrating system
nsists 1 t Teel elements, namely the mass, the spring and
er. 1n v L1 |

ympe | a vibrating body, there is exchange of energy
om one form to another.

Inertia elements
Energy is stored by mass in the form of kinetic energy

m x°). These are represented by lumped mass (m) for

ilinear motion and lumped moment of inertia (I or J)

angular motion.

) Restoring clements
Energy is stored in the
presented by massless linear

form of potential energy

k xQ). These elements are re

prings for rectilinear and torsional

or torsional () S

tion respectively-
ments

i) Damping ele

vy is dissipated 12 ~agpreee
. the fOl'm Of :
hich opposes | k% == 13 FLy
th syste : or
ented > EL__;

bratlon »
e vl e (a) Rectilinear (b) Torsional
elIa] ts E elements elements
ms"“ The Fig.6.4. Elements of a Vibrating
7 for System.




6.8 Engineering Mechanics

1 ‘ rsional motion.
rectilinear motion and ¢; for to

The equation of motion of such 2 vibrating system ¢,

be written as

mx+ci+kx=0

spring force;

= , q d2 X
a 2 . o — an x o~
m x = Inertia force ; x 7 dt2

Where cx = Damping force, kx =

< 6.5 DEGREES OF FREEDOM

Degrees of freedom 1s

defined as the number of
independent coordinates
required to describe the k
motion of vibratory system.

(a) Single degree of

m

freedom. ' j— (a) (b)

A single spring mass Single degree of freedom
system or a  simple ;
pendulum as shown in Fig. K. :
6.5 (a,b) requiring only one = ;

] 3 s
coordinate (x) to describe —}! ;
position is called single i E

degree of freedom system. m,

.

freedom Two degrees of freedo™
A two Spring - two ?‘ """"""""""""""
mass system or a double ::\--___-..
; ]

pendulum represents a two ¢ freed?

(e) Iﬁﬁpite Degrees © P |
degree of freedom system Fig. 6.5. DW |
P : J

|




6.5 (e,d)]. Themaremmw
'\wdescnbetheposmnn.&nﬂ:ﬂyhaﬁum
ﬁ-eedom system, the coordinates required are

112’1’3)'
| piscrete OF lumped system (Finite degree of

sedom)
A system with finite number of degrees of freedom are

lled discrete or lumped system.

) Infinite degree of freedom
A continuous system in the form of a vibrating beam
i between two supports represents an infinite degrees

erecdom Fig. 65 (e).

SIMPLE HARMONIC: MOTION

When the acceleration of a body is d

the displacement from the mean e
ected towards the mean position, f
Simple Harmonic Motion (SHM).

.1 Introduction

A particle is a moving around
cle of radius r with anticlockwise !
ar velocity » as shown in Fig.
P be the position of the particle

‘any instant and D be the
jection of P on the diameter




P move from Y to X’, D moves from O to X’. Similarly Whey
P moves from X’ to Y’, D moves from X’ to O. Finally Whey
P moves from Y’ to X, D moves from O to X. Hence Whep
P completes one revolution, the point D completeg One
vibration about the point O. This to and fro motion of D
is known as Simple Harmonic Motion (S.H.M.).

o -a a e - -
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6.6.4 Terms Used in Simple Harmonic Motion
1. Amplitude el
It is the maximum displacement of a body from its

mean position. In Fig.6.7 OX or OX’ is the amplitude of

the particle P. The amplitude is always equal to the radius
of the circle.

2. Periodic time

It is the time taken for one complete revolution of the
particle. X to X. (or) 0° to 21

A 2n
- Periodic time, by = £ i seconds




»mat the acceleration,

y S Displacement
. —-gﬂ:Qn’\/* =27 E seconds
: a

P ® Acceleration

it is thus obvious, that the periodic time is

independent of amplitude.

‘ 8 Frequency

It is the number of cycles per second and is the

reciprocal of time period, t,.

. Frequency, f= — té P Y

cycle
sec

[Hz = Hertz]; 1 Hz =1

i. . .
E When the particle moves with angular simple

“harmonic motion, then the periodic time,

Anigalar displacement _ op \/&-5 seconds

Angular acceleration

A . ___1__ _q— Hz
Frequency, /= on N O

tngn
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blem 6.1: The piston of a steam engine moves with simple
nic motion. The crank rotates at 200 r.p.m. with a stroke



R A 7 W, e~ L o T

of 2 metres. Find the velocity and acceleration of the Pisto,

)

when it is at a distance of 0.8 metre from the centre,

’ \
Solution
Given

21 x 200

N = 200 r.p.m or o= = 20.94 rad/s; 2r = 2 m o

r=1m:x=08m

Velocity of the piston

V= /r2 ~x* =20.94 \/1 - (0.8)* =12.564 m/s

Accelera‘ion of the piston

a=0 x=2094%x%x0.8=2350.79 m/s>

Problem 6.2: A point moves with simple harmonic motion.
When this point is 0.7 metre from the mid path, its velocity i
10 m/s and when 1.8 metres from the centre of its path 1
velocity is 3.2 m/s. Find its angular velocity, periodic time and

its maximum acceleration. o

Solution

Given
i
When x=07m, Vy;,=10m/s; when %= 18

Vig= 3.2 m/s

Angular velocity
o = Angular velocity of the particle, and

r = Amplitude of the particle




velocity of the point when it is 0.7 m from the mid

1#0’2 th \'i\' 7

Vo7 =10 =0 Nr* - x* =@V ~(0.7)2 A1)

gimilarly, velocity of the point when it is 1.8 m from

;:—-g k\‘lltro \ 18'

Vig=382=0\r?- 182 )

Dividing equation (1) by equation (2)

10 oVr?-@ 77 \Vr2 - (0.7)°
32 o\Z-182 VrP-18

Squaring on both sides,

100 r®-0.49 o
10.24 2 -3.24

10072 - 324 = 10.24r> - 5.02 (or) 89.76r° = 318.98

. y2.355 (or) r=189 m 4

Substituting the value of r in equation (1)

10 = @ V1.89 -07° =17 @

0= 2 = 5.713 rad/s
1 75
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Maximum acceleration

@2 r= 57132 x 1.89 = 61.6

9 m/s2

amax

Problem 6.3: A body moving with simple har monic m

locities 10 m/s and 4 m/s at 9 and 4 m distance fro,

d amplitude and time per tod of the body,
(KTU 2045 - May 2014

has ve
mean poSition. Fin

Given

Velocity of body V=10 m/s

Velocity of body Vg = 4 m/s

Distance of point 1 from centre =2 m

Distance of point 2 from centre =4 m
To Find

r = Amplitude of the vibration

T = Time period of the vibration

Solution
2
0
W = _?:_ 1)
2 T /(

When Vq= 10 m/s, the distance x; = 2 m

V, = 4 m/s, the distance xg = 4 m

V=w \/7'2-—x2
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Amplitude r= 4.3 m
Qubstituting the value r 1D equation (2), we get

10 =0 \12/32 - 16
10 = 1.677 ®

o = 6.34 rad/sec

Substitute the value ® in equation (1) we get

T = 2n = am = 099 = 1.0 sec
o 6.34

Time period

T= 1.0 sec

Problem 6.4: A body is moving with simple harmonic motion
and has an amplitude of 5 m and period of complete oscillation
as 4 sec. Find the time required by the body in passing between
two points which are at a distance of 3 m and 2 m from the
cenire and are on the same side. (KTU 1799 - April 2014

Given Data
Amplitude r =5 m
Period T =4 sec

Distance of b point from centre x; =3 m

Distance of gnd point from centrex, =2 m

Solution
e
)
2 !
e 55 ~ 1.57 rad/se¢




_, time taken by the body mmﬂr&"“m

_t,- Time required by the W y'. »‘” ng betwe

ints.

o fj ‘_4 :‘,Y;Ll
The distances of the 1** and zl‘ m s cisibes s
iven by equation as, i qi; - b #. e

x=rcoswt %{!‘F}I:

For the 1% point

57 t; = (53.13)

57 xt1=(53 13 "'{'gé'fad)

157 x ¢y = 0.9272 rad



For the 2" point

X9 =71 cos (Wiy)

2 =15 cos (1.57 x ty)

§'= cos (1.57 x ty)

0.4 = cos (1.57 x ty)
1.57 %ty = (66.42°)

1.57¢, = ( 66.42 x — rad J

tg = .3 0.738 sec

1.57

t2 = (0,738 sec

. Time required by the body in passing between the
two points t =1, ~t;=0.738 - 0.591 = 0.1474 sec

Formulae:

For finding static deflection for Longlt\“’“"]

Vibrations.

Wi
1. SzE.A

where W — Load attached to the shaft (or) beam in N

! - Length of shaft (or) beam in m
£ - Young’s Modulus (or) Modulus of elasticity (V")
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o Angular velocity = ' rad/sec or 4 i .
s', e 4 ! ¥ A ?}i v e

k- stiffness (Force Mﬁﬂ%}. o W

m = mass

h=-—inN/m

me Period (t,) 53

It is defined as time Pem’dat? G
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quency of Longitudinal Vibration

Natural Fre
P Q}j},‘ll_ cycles/s (Hz)

VO
5 —» static deflection ; f,, = Natural Frequency

Problems in Longitudinal Vibration
m 6.5: A shaft of 100 mm diameter and 1

1000 kg. Take young's modulus as 200 GN/m?; ﬁnd
- frequency of Longitudinal Vibrations.

. d=100 mm=01m: é=1m; m=1000kg

Solution
(i) Find Area

4

(ii) To find deflection of shaft
Wl (1000 x 9.81) x 1
AE 738539 x 10" 3 x 200 x 10

$=6.2453 x 10" ®m
(iii) Natural Frequency of Longitt

;04985
)

____0.4985
\/6.2453 x 10~ 6

f, =200 Hz

Area A =7 «d? =1 x(0.1)2=7.8539% 10°

d=

= 199.47 =



Mechanical Vibrations 6.23

6.6: A cantilever shaft of 50 mm dia, 300 mm long
g5 0 disc of 100 kg attached to the free end. The Young’s
'ulus is 200 GN/m? Determine

Frequency of longitudinal vibration,

d =50 mm; /=300 mm, m =100 kg,

_ 900 GN/m”

\ "-7' To find £, d=50mm
ngitudinal vibration

/= mg = 100 x 9.81 = 981 N

n
=

|
P’ - x(0.05)

=196 x 1077

E=200 25— 200 x 10° N/m’
m

g,;.ﬁgess kW

] L‘_MStrain = ) T AS
o l

%
1:@1') 5. Wi _ 981 x 0.3 S
" "TAET 196107 x200 x 10°

5=1749x1077
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Mechanics R

Natura

1 frequency 0]

| 1\/E:L\F—-9’§'1‘T‘7‘
fn=9; '8 27 N 749°%310

f, = 575.82 Hz

This is the frequency of longitudinal vibration,

6.7 SPRING - MASS MODEL

Natural Frequency of Free Longitudinal Vibrations cap

be derived by “Equilibrium Method”.

Equilibrium method is based on Newton’s second law
of motion, according to which inertia force is equal to the
product of mass of vibrating body and its acceleration in

the direction of motion.

unstrained
position o
A f

Static deflection

Fig.6.8.Naiural frequency of the longitutional vibt:tiﬁs/




consider @ Spring - mass system ag shown in Fig, 6.8
qulhbﬂum

Inertia (or disturbing) force on mass
= Restoring force due to spring

pisturbing force = mass X acceleration

when a weight is attached at the end of the spring,
";h pring will be deflected (extended) by 8. The spring has
. attamed a new equilibrium position. Now the system is in
pquilibrium position, by two vertical forces (Fig. 6.8 B).

| W = Weight of the body |
"2_ Force of spring & & T where % = stiffness of spring
| Under the equilibrium condition W = k3 .. (6.1)

- Now pull the weight so that it is displaced by a
‘distance of x and then release Then P item executes

n vibratory motion.
Refer the Fig. 6.8 C

After time ¢, the body is subje ;
1. Weight of the body acting doy
2. Upward force =k 8 +x) T |
So, Net force (or Restoring force}

=W-k@+x)

[For our convenience,
is taken as positive and

=W-kd-kx’
=k8 - kS — kx|
= - kx '
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ncy [ : : W‘ ‘
\ e : el — 0. B
Frequenc E 'R \n

o —- " we (6,7)

We know, W =48 from equation

mg = ks
e .. (6.7(a))
m §
. B . :
Substitute =T 5 In equation (6.7), we get,
1 .. (6.8)
fo—aft
2n Vo
4985 "
Substitute g = 9.81 m/s®, we get f= . N Hz - (6.8(a))

(Depends on the condition of the problem, the § value
will vary,)

If the mass of the spring (m;) is also taken into
®sideration, then the periodic time,

mi
m+ ——
ty=2n P seconds,
l;".equen‘ly.f" %{- km Hz
1



E quivalent 13

For

[Fig' 6.9(8)] .

) Springs in paralle

-3

For two springs -
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